. This conjecture has been proved to be true in many special cases (cf. Guo-Le [GL] , Le [Le] and Takakuwa [Ta] ). It is, however, still unsolved.
As an analog to this conjecture, we propose the following (cf. (n, 3, 2) with m, n arbitrary (cf. Nagell [N4] , Cao [Cao] ).
In our previous papers [Te2]-[Te4], we considered the conjecture above when p = 2, q = 2 and r is an odd prime. In [Te2] and [Te3], we reduced (1) to certain quartic equations, which have no non-trivial solutions by the method of infinite descent. In [Te4], we reduced (1) to Thue equations, and used the known estimates of linear forms in logarithms due to Mignotte and Waldschmidt [MW] and Bugeaud and Győry [BG] .
In this paper, we apply a lower bound for linear forms in two logarithms due to Mignotte [M] which is a corollary to a theorem of Laurent-MignotteNesterenko [LMN] to the Diophantine equation
where n is a given "small" positive integer (Main Theorem). The Main Theorem shows that if the upper bound n of the solution y of (1) is attained (and small), then the solution x of (1) 
has only the positive integral solution (x, y) = (1, 1) (Theorem 3 in Section 4). In Section 3, using the Main Theorem, we show that the conjecture above holds under some conditions on a, b, c (Theorems 1, 2 in Section 3). In particular, there are infinitely many a, b, c such that it holds when (p, q, r) = (2, 2, 3). In Section 4, we illustrate in detail how the upper bound n is determined and the Main Theorem is applied to equation (1) for various degrees p, q, r ≥ 1. In some of the theorems of that section, we verify that the condition "a ≥ κb q/p " in the Main Theorem can easily be eliminated.
Main Theorem.
We use the following result of Mignotte [M] to prove the Main Theorem, which plays an important role in the proofs.
Let α be an algebraic number of degree d with minimal polynomial
where the a i 's are relatively prime integers with a 0 > 0 and the α i 's are conjugates of α. Then
is called the absolute logarithmic height of α. In particular, if α ∈ Q, say α = p/q as a fraction in lowest terms, then h(α) = log max(|p|, |q|).
Let α 1 , α 2 be two non-zero algebraic numbers, and let log α 1 and log α 2 be any determinations of their logarithms. We consider the linear form
where b 1 and b 2 are positive integers. Without loss of generality, we suppose that |α 1 | and |α 2 | are ≥ 1. Put
Lemma 1 (Mignotte [M] ). Let a 1 , a 2 , h be real positive numbers, and a real number > 1. Put λ = log and suppose that
where
Suppose also that 1 a 1 + 1 a 2 ≤ 2 λ and that there exists an integer K 0 such that
If α 1 and α 2 are multiplicatively independent, we have the lower bound Let a, b, c, p, q, r Remark. We note that the Main Theorem can also be applied to the case of p = 1, q = 1 or r = 1. The table of values of κ for some p, n, δ is as follows. (These values will be used in the theorems.) 
Using the inequality log(1 + t) < t for t > 0, we have
On the other hand, we use Lemma 1 to obtain a lower bound for Λ 2 . We keep the notations of Lemma 1. Put = 4.9 and λ = log . We take a 1 = ( − 1) log a + 2 log a = ( + 1) log a > λ, a 2 = ( − 1) log c + 2 log c = ( + 1) log c > λ.
Then it is clear that 1/a 1 + 1/a 2 ≤ 2/λ. In Lemma 1, we choose C = 4.5. Then we take K 0 = 177 and f (K 0 ) = 1.2879. Since
we can take
Hence Lemma 1 shows that log Λ 2 ≥ − 13.09h 2 log a log c − 11.73h(log a + log c) − 2h (4) . Then we show that making Λ 1 small yields a contradiction. (In case (ii), we do not use Λ 1 .) Since h = 9, (4) implies log Λ 2 ≥ − 1060.29 log a log c − 105.53(log a + log c)
From (3), we have
We want to obtain a lower bound for x. We now show rx − pz > 0. By our assumptions, we have
with ">" in the first inequality except when n = q and with ">" in the second inequality except when x = n + p − q. In conclusion, we obtain (a
In particular, rx − pz ≥ δ, where δ = 1 or 2 according as rx − pz is odd or even.
Eliminating a from the defining equations for Λ 1 , Λ 2 yields
Therefore we obtain
and thus
Therefore if a ≥ κb q/p , then (2) has no positive integral solutions x, z with x ≥ n + p − q and (x, n) = (p, q).
. Then h = log B + 0.17. Since Λ 2 = z log c − x log a, we have
From (6), we have 2x log c < 2n log c − 2 log Λ 2 log a log c .
Hence
log a log c < 2n + 1 + 26.18h 2 + 23.46h 1 log a + 1 log c + 4h + 4 log h log a log c + 56.7h 3/2 (log a log c) −1/2 + 2 log(log a log c) + 11.5 log a log c (from (4) . This completes the proof of the Main Theorem. Case (ii): z is even. Then from (1), we have
where x = 2X, y = 2Y, z = 2Z and u, v are integers such that (u, v) = 1 and
In view of a ≡ 3 (mod 8) and c ≡ 5 (mod 8), we see that X and Z are even. Then equation (1) leads to
which has no non-trivial solutions by the method of infinite descent (cf. Ribenboim [Ri], p. 38). Hence Y = 2 and so y = 4.
We are now ready to apply the Main Theorem and prove Theorem 1.
Proof of Theorem 1. It follows from Lemma 3 that x is even and y = 2, 4. In the Main Theorem, let p = 2, q = 2, n = 2, 4 and δ = 2. Then by the Main Theorem, if (1) has positive integral solutions with (x, n) = (2, 2), then x < n + p − q ≤ 4 + 2 − 2 = 4 under the condition a ≥ 30b (cf . Table) . Since x is even, we have x = 2. We also see that 
On the other hand, from a 
which is impossible. If X ≥ 5, then from a > b (except for u = 7), we have
which is impossible. Hence when r = 3, case (ii) in Lemma 3 does not occur except for the case u = 7. Therefore Lemma 3 shows that x is even, y = 2 and z is odd except for the case u = 7.
We need the following claim, which is simple and useful:
Claim 1 For all a, b, c such that u ≡ −1 (mod 8) (> 0) and u < 183, we verified that e ≡ 0 (mod 3) by computer.
By Claim 1, the fact that e ≡ 0 (mod 3) implies that z ≡ 0 (mod 3). Note that x is even and y = 2 (y = 2 or 4 if u = 7). Hence using Lemma 4, we can determine x, z in a finite number of steps.
Case (1): u = 7. Then (7 · 37)
, where x = 2X, z = 3Z. Thus we obtain U = ±7, V = ±2 and so X = 1, Z = 1, x = 2, z = 3, y = 2.
, where x = 2X, z = 3Z. Thus we obtain U = ±15, V = ±2 and so X = 1, Z = 1, x = 2, z = 3.
The other cases can be treated similarly.
In the same way as in the proof of Theorem 1, we obtain the following (cf. Theorem in [Le] (1) with (x, y, z) = (2, 2, 2). Then Lemma 2 in [GL] shows that 2 | x, y = 1 and 2 z.
In the Main Theorem, let (p, q, r) = (2, 2, 2), n = 1 and δ = 2. Note that n = 1 < 2 = q, but rx−pz = 2x−2z > 0 when y = n = 1. In fact, otherwise, (a
, which is impossible, since x ≥ 2. Then by the Main Theorem, if (1) has positive integral solutions, then
under the condition a ≥ 30b (cf . Table) . Thus x = 1, which is impossible, since x is even.
Other applications of the Main Theorem.
In the proof of the theorems in this section, we need the following lemmas. Cohn [Co3] Lemma 5 (Nagell [N3] ). Let n be odd ≥ 3. Then the Diophantine equation
has only the positive integral solutions (x, y, n) = (2, 2, 3), (11, 5, 3) .
Lemma 6 (Nagell [N2] , Cohn [Co2] ). Let m be a non-negative integer. Then the Diophantine equation
has only the positive integral solutions (x, y, m, n) = (5, 3, 0, 3), (7, 3, 2, 4) with (y, 2) = 1 and n ≥ 3. Using the Main Theorem with (p, q, r) = (1, 1, 1), n = 1 and δ = 1, we immediately obtain the following (cf. Table) In the case where A − B 2 = 2, the condition "a ≥ κb q/p " in the Main Theorem can easily be eliminated. In some other theorems of this section, we also adopt the following way of eliminating it, which is of use and interest: . Table) .
Lemma 7 (Nagell [N3]). Let n be an odd integer ≥ 3 and A a square-free odd integer ≥ 3. Let h(−2A) be the class number of the imaginary quadratic field Q( √ −2A). If h(−2A) ≡ 0 (mod n), then the Diophantine equation
The condition B ≥ 59 can easily be eliminated. Let y be even. Then x is odd. Hence by Lemma 6 (with m = 0), we obtain x = 1 and so y = 2.
Let y be odd. If In particular,
For all B such that B < 59 and B ≡ 1 or 3 (mod 8), the order of 2 modulo B is even. Hence x is odd. We also see that for all B above except B = 3, 9, 25, 33, the order of B modulo A is even, which implies that y is even. In view of Lemma 6 (with m = 0), B is never a square. Consequently, B = 3 or 33. Since y is odd, (8) can be written as
(with x odd).
Since h(−6) = 2 and h(−66) = 8, this equation has no solutions from Lemma 7.
Remark. The example above shows that the estimate of linear forms of Lemma 1 is fairly sharp. Indeed, if B ≥ 59 and B ≡ 1 or 3 (mod 8), then there are some exceptions in using Lemma 7, namely B = 67, 91, [123] [124] [125] [126] [127] [128] [129] [130] [131] [132] [133] [134] We now make some comments on equation (7), where A > 1, B > 1, C ≥ 1 are any integers. Pillai [P1] showed that (7) has only finitely many positive integral solutions (x, y). Pillai [P2] also showed that if C is sufficiently great with respect to A and B, then (7) has at most one solution. LeVeque [Lv] and Cassels [Ca] independently established that for C = 1, there is at most one solution to (7) unless (A, B) = (3, 2), when there are two solutions (x, y) = (1, 1), (2, 3). Scott [Sc] proved that if A is prime, then (7) has at most one solution with y even and at most one with y odd, except for five specific choices of (A, B, C) .
Moreover, we make a remark on the equation a Table) . Thus x = 1 and so z = 1. Table) . Hence from a 3 + 2 = c, (9) has only the solution x = 3, y = 1, z = 1.
The condition a ≥ 12 can easily be eliminated. If a < 12, then the pairs of (a, c) are only (3, 29), (5, 127) and (11, 1333) . Since x is odd and y = 1, (9) can be written as
Since h(−6) = h(−10) = h(−22) = 2, we obtain x = 3, z = 1 for the pairs of (a, c) above from Lemma 7.
Theorem 7 Table) . This is impossible, since x > 4.
The condition a ≥ 11 can easily be eliminated. Since a < 11 and a ≡ −1 (mod 8), it remains to consider the case a = 7. When a = 7, taking equation (9) modulo 5 implies that x ≡ 1 (mod 4) and z is odd. Since x is odd and y = 1, (9) can be written as a(x (x−1)/2 ) 2 + 2 = c z (with z odd).
Since h(−14) = 4, (9) has no solutions with y = 1 from Lemma 7.
Theorem 8 x ≡ 1 (mod 9) and so x ≡ 0 (mod 3). In fact, the order of −2 modulo 9 is 3. Thus (10) becomes (a x/3 ) 3 + 3 y = (c z/2 ) 2 , which has no solutions by Lemma 8. Therefore we have y = 1. In the Main Theorem, let (p, q, r) = (1, 1, 2), n = 1 and δ = 2. Then by the Main Theorem, if (10) has positive integral solutions, then x ≤ n + p − q = 1 + 1 − 1 = 1 under the condition a ≥ 848.1 · 3 = 2544.3 (cf. Table) . Thus x = 1 and so z = 2.
Remark. Let a, c be fixed positive integers satisfying a 2 + 3 = c with a ≡ −1 (mod 3). Then we can solve (10) without using the Main Theorem. In fact, taking (10) modulo 3 and 8 implies that x is even, y is odd and z is odd. Hence in view of Lemma 9, if a, c are as above, then (10) has only the positive integral solution (x, y, z) = (2, 1, 1).
In connection with Theorems 7 and 8, we conclude this section by showing the following: x ≡ 1 (mod 5) and so x is even.
Let y ≥ 2. Since a ≡ −1 (mod 25) and c ≡ 6 (mod 25), we have 1 ≡ 6 z (mod 25) and so z ≡ 0 (mod 5). In fact, the order of 6 modulo 25 is 5.
